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An optical vortex beam carries orbital angular momentum ℓ in addition to spin angular momentum σ. We demonstrate
that a Landau-quantized two dimensional electron system absorbs the optical vortex beam through modified selection
rules, reflecting two kinds of angular momenta. The lowest Landau level electron absorbs the optical vortex beams with
σ = 1 (positive helicity) and ℓ = 0 or σ = −1 (negative helicity) and ℓ = 2 in the electric dipole transition. The
induced electric currents survive only along the edge of the sample, due to cancellation of the bulk currents. Thus, the
magnetization can be induced by only the edge current. It is shown that the induced orbital magnetization disappears
when the dark ring of the beam coincides with the disk edge. This scheme may provide a helicity-dependent absorption
using the optical vortex beam.
1. Introduction
Originally, it was suggested by Poynting that circularly po-
larized light carries spin angular momentum (SAM) equal to
±~ per photon, which can be transferred to medium and pro-
duce a mechanical torque in light-matter interactions.1) Later,
Beth experimentally confirmed angular momentum transfer
from light in 1935.2, 3) After about a century, it was sug-
gested that lights can also carry an orbital angular momen-
tum (OAM) in addition to SAM by Allen et al..4) This part
of angular momentum appears as a modulation of a phase
front, so it was dubbed an optical vortex (OV) or twisted
light. It was experimentally demonstrated that a single pho-
ton is able to carry quantized OAM.5) Theoretical and exper-
imental techniques were developed to generate OVs in vari-
ous forms such as the Laguerre-Gaussian (LG) and the Bessel
light beams.4, 6, 7) These unique forms of light beams have trig-
geredmuch interest on the transfer of optical OAM to material
particles and atoms via light-matter interactions.8, 9)
Mathematically, OV is described by a constant phase pro-
file given by exp(iℓϕ + ikz), where ϕ is the azimuthal angle in
the cylindrical coordinate system for a light beam propagating
in the z direction with the wavenumber k. It carries an intrinsic
OAM equal to ±ℓ~ per photon (ℓ = 0,±1,±2, . . .), which is
independent of the polarization state of light.4) Geometrically
the phase front of OV is a helix with the winding number
determined by ℓ. The radial dependence of the beam ampli-
tude is typically given in terms of either Laguerre-Gaussian
or Bessel modes. The former has the property of gradually
expanding as the beam propagates, while the latter is diffrac-
tion free, or propagation invariant.6, 10) Experimentally, Bessel
OVs can be created in the back focal plane of a convergent
lens by a plane wave,10) by an axicon lens from a Gaussian
beam,11) by the use of computer-generated holograms,12) or
by a Fabry-Perot resonator.13)
From the point of classical mechanics, exerting a torque
by transferring angular momentum from OV has been ac-
tively studied, for example, with particles rotating in an op-
tical tweezers,14–16) and the laser ablation technique.17) In re-
∗1517000122@campus.ouj.ac.jp
cent years, coupling of twisted light with condensed matter
also saw a considerable development, including such topics
as generation of atomic vortex states by coherent transfer of
OAM from photons to the Bose-Einstein condensate,18) pho-
tocurrents excited by the OV beam-absorption in semiconduc-
tors and graphene,19–21) excitation of multipole plasmons in
metal nanodisks,22) spin and charge transport on a surface of
topological insulator,23) generation of skyrmionic defects in
chiral magnets.24)
However, whether OAM affects any spectroscopic selec-
tion rules via optically induced electronic transitions is still an
open question. Although transferring of the OAM to atomic
electrons from the OV beam via the electric quadrupole
transition was reported,25–27) for electric dipole transitions
in atoms, it has been proved that the optical OAM can be
transferred only to the center-of-mass motion of the atom
or molecule,28, 29) thus the electric dipole selection rules re-
main unchanged. Similar in the coupling of OV with the ex-
citon, the optical OAM can be transferred only to the exciton
center-of-mass motion.30) These phenomena are analogous to
the fact that the cyclotron resonance frequency is independent
of short-range electron-electron interactions.31)
In this case, it interesting to see whether these concepts
are applicable to a degenerated two-dimensional electron gas
(2DEG) in magnetic field. To our best knowledge, such a
system has not been considered before our previous letter,32)
where we discussed the optical conductivity and the selec-
tion rules in 2DEG exposed to OV with optical OAM. By ap-
plying the magnetic field, 2DEG is characterized by discrete
energy levels with localized semi-classical electron orbits. It
was demonstrated that the bulk current induced by OV dis-
appears, and only the edge current survives when the 2DEG
is irradiated by a Bessel beam.32) This situation is similar to
the picture of orbital magnetization,33) which is known to ap-
pear due to the existence of the edge currents. Therefore, in
2DEG we can anticipate an orbital Edelstein effect34) where
additional magnetization is induced by the OV, which is the
central issue of this paper. In this paper, we extend discus-
sions on the results we shortly presented in our previous let-
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ter to present theoretical details including the induced orbital
magnetization.32)
This paper is organized as follows. We briefly review the
derivation of a circularly-polarized Bessel-mode OV in Sec-
tion II and 2DEG on circular disc in Sec. III. We calculate the
induced photocurrent in 2DEG in Sec. IV using the Kubo lin-
ear response theory. In Sec. V, we discuss cancellation of bulk
currents in the semi-classical picture. It is demonstrated how
the magnetization is induced by the OV light beam in Sec. VI.
Sec. VII is reserved for conclusions.
2. Circularly Polarized Bessel-mode Optical Vortex
It is crucial for studying quantum mechanical properties of
light to separate the total angular momentum (TAM) into spin
and orbital parts, since they can be conserved separately for
light interacting with particles. In the paraxial approximation,
this separation can be done explicitly, and the light beam has
a well-defined SAM related to its polarization state and OAM
determined by the phase modulation. In this paper, we adopt
the paraxial approximation, which is a usual situation in real-
world experiments.
We briefly review derivation of the Bessel-mode OV within
the paraxial approximation following Refs. ?, 36 The wave
equation for the vector potential of a monochromatic light
A (r, t) = A (r) e−iωt with the frequency ω in vacuum in the
Coulomb gauge is given by the Helmholtz equation:
∆A (r) + k2A (r) = 0, (1)
where ∆ is a Laplace operator, and k2 = ω2/c2 with a speed
of light in a vacuum c. In order to obtain twisted solutions,
we have to take account of additional requirements. First is
that A (r) is a propagating wave along z-axis, so it is the
eigenvector of the linear momentum operator pz = −i~∇z,
pˆzA (r) = ~kzA (r). Second is that A (r) should also be the
eigenvector of z-component of the TAM operator
JˆzA (r) = JA (r) , (2)
where the operator Jˆz = Lˆz + Sˆ z is given by the corresponding
components of the orbital and spin angular momentum oper-
ators:
Lˆz = −i~ ∂
∂ϕ
, Sˆ z = −i~

0 1 0
−1 0 0
0 0 0
 , (3)
where we define the modulus of the transverse linear momen-
tum k⊥ = |k⊥| =
√
k2 − k2z .
The normalized scalar solution of the Helmholtz equation
in cylindrical coordinates (r⊥, ϕ, z) can be written in the form
ψℓ (r|k⊥, kz) =
√
k⊥
2π
Jℓ (k⊥r⊥) eiℓϕeikzz, (4)
where ℓ determines the OAM of light which is the eigenvalue
of the OAM operator (3), and Jn(x) is the n-th order Bessel
function of the first kind. The normalization condition is∫
ψ∗ℓ′
(
r′|k′⊥, k′z
)
ψℓ (r|k⊥, kz) d3r = 2πδ
(
k⊥ − k′⊥
)
× δ
(
kz − k′z
)
δℓ,ℓ′ . (5)
Expansion over plane waves of the scalar function
ψℓ (r|k⊥, kz) is
ψℓ (r|k⊥, kz) =
∫
d2k′′⊥
(2π)2
ak⊥,ℓ(k
′′
⊥)e
ik′′ ·r
=
∫
d2k′′⊥
(2π)2
ak⊥,ℓ(k
′′
⊥)e
ik′′⊥ ·r⊥+ik′′z z (6)
with k′′⊥ = (k
′′
⊥ cosϕk, k
′′
⊥ sinϕk, 0) and r⊥ = (cosϕ, sinϕ, 0).
Each plane wave component is written as
ak⊥,ℓ(k
′′
⊥) =
√
2π
k⊥
(−i)ℓ eiℓϕkδ (k′′⊥ − k⊥) . (7)
These expressions show that ψℓ (r|k⊥, kz) can be viewed as a
superposition of plane waves with fixed k = |k| =
√
k
′′2
⊥ + k2z
whose direction belongs to the cone with the cone angle θk =
tan−1 k′′⊥/kz.
When the scalar solution of the Helmholtz equation is con-
sidered as a superposition of plane waves, it is important to
study the polarization structure of the plane wave with the
propagation vector k. The vector potential of the plane wave
has to be an eigenvector of the SAM operator, Sˆ zA
pl (r) =
~S Apl (r). For the plane wave traveling along k = (0, 0, kz),
the spin angular momentum operators Sˆ z has the following
eigenvectors:
η0 =

0
0
1
 for S = 0,
η± = ∓ 1√
2

1
±i
0
 for S = ±1, (8)
and the vector potential is given by Apl(r) = ησA0e
ikzz, where
A0 is a constant.
When the plane wave travels in arbitrary direction k,
which does not necessary coincide with the z-axis, k =
k(cosϕk sin θk, sinϕk sin θk, cos θk), its polarization vector εk,σ
can be found from original polarization vectors ησ by rotating
them with rotation matrix
Rˆk = Rˆϕk Rˆθk
=

cosϕk − sinϕk 0
sin ϕk cosϕk 0
0 0 1


cos θk 0 sin θk
0 1 0
− sin θk 0 cos θk
 , (9)
which gives
εk,σ = Rˆkησ = − σ√
2

cosϕk cos θk − iσ sin ϕk
sin ϕk cos θk + iσ cosϕk
− sin θk
 . (10)
Then the vector potential for the plane wave traveling along k
is given by
Apl(r) = εk,σA0e
ik·r, εk,σ · k = 0, (11)
where the Coulomb gauge is used and the polarization vector
εk,σ then describes photon carrying a helicity σ = ±1. We
can expand εk,σ over the orthonormal basis {ηS }S=0,±1 of the
eigenvectors of the SAM operator Sˆ z:
εk,σ =
∑
S=0,±1
cS ,σe
−iSϕkηS , (12)
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where the expansion coefficients are given by
c0,σ =
σ
2
sin θk, c±1,σ =
1
2
(1 ± σ cos θk) . (13)
Now we can find the expression for the vector potential for
OV based on the expansion over the plane waves in Eq. (6)
and taking into account that each plane wave is characterized
by its own polarization vector εk,σ:
AOV (r) = AOV (r|k⊥, kz, J, σ)
= A0
∫
d2k′′⊥
(2π)2
ak⊥,J(k
′′
⊥)εk,σe
ik′′⊥ ·r⊥+ik′′z z, (14)
where we introduced J as the eigenvalue of the TAM operator
Jˆz = Lˆz + Sˆ z. Integrating over k
′′
⊥, we finally obtain the vector
potential of the OV with Bessel mode
AOV (r|k⊥, kz, J,σ) = A0
√
k⊥
2π
∑
S=0,±1
ηS (−i)S cS ,σJJ−S (k⊥r⊥)
× ei(J−S )ϕeikzz. (15)
In the paraxial approximation, we assume that the longitu-
dinal momentum of the photon is much greater than its trans-
verse momentum, kz ≫ k⊥, so the expansion coefficients be-
come cS ,σ ≈ δS ,σ, and we get the vector potential in the form:
AOV(r|k⊥, kz, ℓ + σ, σ) ∼ ησA0
√
k⊥
2π
(−i)σJℓ(k⊥r⊥)
× eiℓϕeikzz (16)
≡ AOVℓ,σ (r) ,
where we introduced a OAM quantum number, ℓ = J − σ.
Moreover, if we take the limit k⊥ → 0 with r⊥ being fixed,
then the Bessel function gives Jℓ(k⊥r⊥) → δℓ,0, and we re-
cover a plane wave solution with J = σ propagating along the
z-axis.
The Bessel-mode OV exhibits a feature of being diffraction
free and has a phase singularity. The first feature can easily
be seen by using Eq. (16). The intensity of the vector poten-
tial, I ∝ |A|2, is independent of z. The phase singularity is lo-
cated on the beam axis where the intensity becomes zero. To
demonstrate a transfer of OAM, the target particles are usu-
ally located in non-zero intensity region off the beam axis and
dark rings. The radius of i-th dark ring of the higher-order
Bessel beam is given by
r
ℓ,i
⊥ =
(the i-th zeros of ℓ-th order Bessel function)
k⊥
, (17)
which is determined by Jℓ(k⊥r
ℓ,i
⊥ ) = 0. In particular, the
central core size of the zero-order Bessel beam is given by
r
0,1
⊥ = 2.404/k⊥. We exhibit some examples of the radial pro-
file of the Bessel-mode OV, and the definition of the dark ring
radius and the central core spot size in Figure 1.We note that
the Bessel-mode OV even with ℓ = 0 has the dark rings cor-
responding to transversely traveling wave, This feature is also
the crucial difference with the plane wave.
3. Landau-quantized Electron
The quantized energy levels of 2DEG in the magnetic field
B are given by37) EN = ~ωc (N + 1/2), which usually ap-
pear by solving the Schro¨dinger equation in the Landau’s
Fig. 1. (Color online) Some examples of the radial profile of the Bessel-
mode optical vortex, |Jℓ(x)|2. (a) ℓ = 0. The central core spot size is given by
the fisrt zeros of J0(x). (b) ℓ = 1, The dark ring radius is given by i-th zeros
of Jℓ(x). (c) ℓ = 2, (d) ℓ = 5.
gauge, where N = 0, 1, 2, . . . is the Landau level index, and
ωc = eB/me is the cyclotron frequency with the elementary
charge e (> 0), and the bare electron mass me. We here note
that the electron mass me should be interpreted as an effective
mass m∗e = 0.067me for GaAs. However, when we consider
2DEG interacting with the Bessel OV light beam, the sym-
metric gauge in the cylindrical coordinates becomes a natural
choice. Hence, we consider 2DEG on with a circularly shaped
disk geometry and take the cylindrical coordinates as shown
in Fig.2.
The non-perturbative Hamiltonian for 2DEG under the
magnetic field is given by
Fig. 2. (Color online) Schematic picture showing 2D electron distributions
in the lowest LLs in the circular disc geometry. The OV beam is vertically ir-
radiated to 2DEG. The direction of propagation of OV is taken the z-axis. Di-
rections of the induced photocurrents are indicated by arrows. The azimuthal
angle ϕ is on the 2D electron system.
H0 =
1
2me
[
−i~∇ + eAext(r)
]2
(18)
3
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where Aext(r) = (−By/2, Bx/2, 0), and the magnetic field is
along the z-axis direction. The energy spectrum is obtained by
solving the Schro¨dinger equation H0Ψ = EΨ which gives
38)
En,m = ~ωc
(
n +
|m| + m
2
+
1
2
)
,
n = 0, 1, 2, ..., and m = 0,±1,±2, ..., (19)
where m is the magnetic quantum number related to the an-
gular momentum of the electron. The eigenfunction is also
obtained as
Ψnm (ρ, ϕ, z) = Nnme
− ρ2
4l2
B
(
ρ
lB
)|m|
L|m|n
 ρ2
2l2
B
 eimϕ√
2π
= Rnm (ρ)
eimϕ√
2π
, (20)
where lB =
√
~/eB is the magnetic length, Nnm =
(n!/(n + |m|)!)1/2 2−|m|/2l−1
B
is the normalization constant, and
L
|m|
n (x) is the associated Laguerre polynomials. In this picture,
we call n the principal quantum number. Its relation to ordi-
nary Landau index N is N = n + (|m| + m)/2. This leads to
N = n for states with m ≤ 0. Each Landau level with given
N is multiply degenerated with respect to n and m due the fi-
nite system size with the degeneracy factor given by S/(2πl2
B
),
where S is the area of 2DEG.
For example, the lowest Landau level (LLL) N = 0 is ob-
tained by the condition n + (|m| + m)/2 = 0, which leads
to n = 0 and m ≤ 0. The probability density for the elec-
tron with the wave function (20) has the maximal value at
ρ =
√
2 |m| + 1lB. This means that the electron is distributed
on the circle with the radius
√
2 |m| + 1lB. Because the expec-
tation value of r2 is given by 2(|m| + 1)l2
B
, we find that the
electron state covers the area 2πl2
B
. Then, the maximum m for
the disk geometry is given by39)
mmax ≃
S
2πl2
B
=
R2
2l2
B
, (21)
which allows us to define the filling factor as
ν ≡ Ne
mmax
≃ 2πl2B
Ne
πR2
, (22)
where Ne is the total number of electrons on the disk.
Throughout this paper, we concentrate on the system with the
filling factor ν = 1, where the Fermi energy lies in the gap
between the LLL and the second Landau level (2LL). We dis-
play the energy diagram of the axial symmetric 2DEG system
as shown in Fig.3.
4. Photocurrent Induced by the Optical Vortex
Here, we investigate the interaction of a Landau-quantized
2DEG with the Bessel OV by applying the linear response
theory. We start with the following total Hamiltonian, which
contains the non-perturbative Hamiltonian (18) interacting
with the vector potential of the OV:
H=H0 + ∆H =
1
2me
[
−i~∇ + eAext(r)
]2 − AOVℓ,σ · j, (23)
where AOV
ℓ,σ
is given by Eq. (16), and the electric current is de-
termined by j = e
me
(
p + eAext
)
. We neglect the electron spin.
The Kubo formula for i-component of the induced current
Fig. 3. Allowed transitions from the lowest LL (N = 0) to the second LL
(N = 1) are indicated by the gray thick allows. The opened circles denote
unoccupied states, whereas closed ones are occupied.
is written as40, 41)
δ ji (ω) = −
∑
n,m
∑
n′,m′
(
f (En,m) − f (En′,m′ )
)
×
〈n,m| ji|n′,m′〉〈n′,m′|AOVℓ,σ · j|n,m〉
En,m − En′ ,m′ + ~ω + iδ
. (24)
where f (En,m) is the Fermi distribution f (ǫ) =[
expβ (ǫ − µ) + 1]−1 with a chemical potential µ and an
inverse temperature β, and |n,m〉 is the electron wavefunction
in Eq.(20). From now on, we assume zero-temperature limit
and keeping the chemical potential lie between th LLL
(N = 0) and the second LL (N = 1).
It should be mentioned that, although we work in the cylin-
drical coordinates, which manifest the symmetry of the OV,
our final results, of course, are not specific to a particular co-
ordinate system. Alternatively, we can consider the spherical
coordinates and examine the multipole expansion by the vec-
tor spherical harmonics (VSH) of currents in Eq. (24) as dis-
cussed in Appendix B where we obtain the general expres-
sion in Eq. (B·5). We also show that the selection rules for the
dipole transitions in Eq. (B·14) are consistent with the results
obtained without multipole expansion in Eq. (31).
Let us now return to discussion without multipole expan-
sion. To investigate the OV-induced photocurrent, we adopt
the chiral basis j±(= jx ± i jy). First, we consider the matrix
element of photocurrent j± that can be written as
〈n,m| j±|n′,m′〉 = i e
~
d(En,m − En′ ,m′)Cn′ ,m′n,m δm′,m±1 (25)
where d(≪ R) is the thickness of 2DEG and we denote the
radial integral as
Cn
′ ,m′
n,m =
∫
dρρ2Rn′,m′(ρ)Rn,m(ρ). (26)
Here, we obtain the selection rule m′ = m ± 1 from the az-
imuthal integral
∫ 2π
0
dϕ
2π
ei(m
′−m±1)ϕ. After calculating the radial
4
J. Phys. Soc. Jpn. FULL PAPERS
integral Cn
′ ,m′
n,m and the energy factor En,m − En′,m′ by Eq.(19),
we can obtain the matrix elements of the photocurrent as
〈n,m| j+|n′,m + 1〉 =

0 for n′ = n, m < 0,
−iedlBωc
√
2n + |m| + m + 2
for n′ = n, m ≥ 0,
0 for n′ = n − 1, m ≥ 0,
iedlBωc
√
2n + |m| + m + 2
for n′ = n + 1, m < 0,
0 for otherwise,
,
(27)
〈n,m| j−|n′,m − 1〉 =

0 for n′ = n, m ≤ 0,
iedlBωc
√
2n + |m| + m
for n′ = n, m > 0,
−iedlBωc
√
2n + |m| + m
for n′ = n − 1, m ≤ 0,
0 for n′ = n + 1, m > 0,
0 for otherwise,
.
(28)
For the filling factor ν = 1 (n = 0,m ≤ 0), these matrix
elements reduce to
〈0,m| j+|n′,m + 1〉 =

−iedlBωc
√
2 for n′ = 0, m = 0
iedlBωc
√
2 for n′ = 1, m < 0
0 for otherwise
,
(29)
〈0,m| j−|n′,m − 1〉 = 0 for all n′,m. (30)
Therefore, we find that the transition is allowed only N →
N + 1.41) We summarize possible transitions from the LLL
(N = 0) to the second LL (N = 1) as follows,

(n,m, N) (n′,m′, N′)
(0, 0, 0) → (0, 1, 1) for m = 0
(0,m, 0) → (1,m + 1, 1) for m < 0
. (31)
Next, we consider the matrix element of the minimal cou-
pling of 2DEG with OV. As shown in Appendix A, the dipole
approximation is justified in our model. Then the matrix el-
ement for the photon absorption in this approximation is ob-
tained as
〈n′,m′|AOVℓ,σ · j|n,m〉 ∼ i
e
~
(En′ ,m′ − En,m)〈n′,m′|AOVℓ,σ · r|n,m〉
= A0
ed
~
√
k⊥
4π
(En,m − En′,m′)Dn
′ ,m′
n,m,ℓ
× δm′,m+ℓ+σ, (32)
where we denoted the radial integral as
D
n′ ,m′
n,m,ℓ
=
∫
dρρ2Rn′,m′(ρ)Rn,m(ρ)Jℓ(k⊥ρ). (33)
We also obtain the selection rule m′ = m + ℓ + σ from the
azimuthal integral
∫ 2π
0
dϕ
2π
ei(m−m
′
+ℓ+σ)ϕ, where σ = ±1. This
means that the OV can transfer its TAM to the electron via the
dipole interaction.
We note that, when we fix the filling factor ν = 1 (the chem-
ical potential lies between N = 0 and N = 1), the left-handed
current is not induced. Therefore, only the right-handed cur-
rent arises by transferring the optical TAM, J = 1. Because
the OV carries the SAM σ = ±1, the OAM and SAM must be
ℓ = 0, σ = 1, or ℓ = 2, σ = −1, respectively, with the other
transitions being prohibited.
On the other hand, if we apply the external magnetic field
anti-parallel to the light traveling, since it corresponds to the
time inverse, the electron in the LLL carries positive value
angular momentum. Then, to excite the electron in the LLL,
the electron can absorb the optical TAM J = −1. As a result,
the possible absorptions are reduced to ℓ = 0, σ = −1, and
ℓ = −2, σ = 1.
Next, we calculate the photocurrent using the Kubo for-
mula. For the transition from N = 0 to N = 1 with ν = 1, the
OV-induced current (24) reduces to
δ j+ℓ (ω, B) = −i
Fℓ (B)
~ω − ~ωc + iδ
, (34)
where ℓ = 0 or 2 and the factors Fℓ are given by
Fℓ (B) = A1C
0,1
0,0
D
0,1
0,0,ℓ
+ A1
−mmax∑
m<0
C
1,m+1
0,m
D
1,m+1
0,m,ℓ
, (35)
with A1 = A0e
2d2ω2c
√
k⊥/4π/V . In the summation with re-
spect to m, by using the explicit form, Lk
1
(x) = 1+ k − x, only
one term corresponding to an edge current along the circle
with the radius R survives. The other terms corresponding to
the bulk currents cancel each other. After some algebra, we
obtain
Fℓ (B) ∼ F0√
α5
1 + α2
α2
Φ
2
0
λ2eR
2B2
[
1 +
Φ0
2πR2B
]
e

πR2
Φ0
B
×
∫ k⊥R
0
dxx2mmax(B)+3e
− x2
2k2⊥l2B Jℓ(x), (36)
where ℓ is 0 or 2, F0 = A0e
2d2c2/V
√
2πλee, x = k⊥ρ, which
has an order of magnitude of unity. Φ0 = 2π~/e is the flux
quantum, and λe = 2π~/mec is the electron Compton wave-
length.
5. Physical Meaning of Cancellation of Bulk Currents
In this section, we present a physical interpretation on
the reason why the bulk currents are cancelled out, based
on the coherent state representation. Introducing the Lar-
mor radius vector η and the guiding center vector r0 =
(x0, y0) satisfying
(
ηx, ηy
)
= (x − x0, y − y0), we can rewrite
the 2DEG Hamiltonian as
H0 =
1
2
meω
2
c
(
η2x + η
2
y
)
=
1
2
mev
2
⊥, (37)
where we note the relation
∣∣∣η∣∣∣ = v⊥/ωc. We can then define
the non-commuting operators which satisfy[
ηˆx, ηˆy
]
= −ilB,
[
xˆ0, yˆ0
]
= ilB. (38)
We find that one electron occupies the area determined by the
uncertainty principle:
∆S = ∆x0∆y0 = 2πl
2
B. (39)
Then we can define the ladder operators
a =
1√
2lB
(
ηˆx − iηˆy
)
, a† =
1√
2lB
(
ηˆx + iηˆy
)
,
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b =
1√
2lB
(xˆ0 + iyˆ0) , b
†
=
1√
2lB
(xˆ0 − iyˆ0) , (40)
with
[
a, a†
]
=
[
b, b†
]
= 1, and
[
a, b(†)
]
= 0. The eigenstates
are thus determined by the two integer quantum numbers, N
and M, associated with the two ladder operators,
a†|N, M〉 =
√
N + 1|N + 1, M〉, a|N, M〉 =
√
N|N − 1, M〉
for N > 0; (41)
b†|N, M〉 =
√
M + 1|N, M + 1〉, b|N, M〉 =
√
M|N, M − 1〉
for M > 0. (42)
Then in terms of the two ladder operators, the Hamiltonian
and the angular momentum operator are written by
H0 = ~ωc
(
a†a +
1
2
)
= ~ωc
(
N +
1
2
)
(43)
Lz = ~
(
a†a − b†b
)
= ~ (N − M) . (44)
Here, comparing above eigenvalues with Eq.(19) and Lz =
~m, we can determine the relation between n, m and N, M as
N = n +
|m| + m
2
, M = n +
|m| − m
2
. (45)
The average value of the guiding center operator rˆ0 gives
〈N, M |rˆ0|N, M〉 = 0, (46)
but its absolute value leads to
〈|r0|〉N,M ≡
√〈
N, M
∣∣∣rˆ2
0
∣∣∣ N, M〉 = lB √2M + 1. (47)
Similarly, the average value of Larmor radius operator gives〈
N, M
∣∣∣ηˆ∣∣∣ N, M〉 = 0, (48)
but its absolute value is given by〈∣∣∣η∣∣∣〉
N,M
≡
√〈
N, M
∣∣∣ηˆ2∣∣∣ N, M〉 = lB √2N + 1. (49)
Therefore, the arbitrary state |N, M〉 distributes at the center
of the Larmor motion with radius
〈∣∣∣η∣∣∣〉
N,M
= lB
√
2N + 1 is
located at the position of guiding center
〈|r0|〉N,M = lB
√
2M + 1. (50)
The geometric meaning of this is illustrated in Fig. 4. When
we focus on the LLL, that is, n = 0 and m ≤ 0, we see
N = 0 and M = |m|. Therefore, the guiding center in the
LLL is 〈|r0|〉0,|m| = lB
√
2 |m| + 1, and the Larmor radius in it is〈∣∣∣η∣∣∣〉
0,|m| = lB.
This kind of distribution can semi-classically be described
by the coherent states. We now introduce the displacement
operators
D (x0, y0) = e
−i(x0yˆ0−y0 xˆ0)/l2B , D
(
ηx, ηy
)
= ei(ηxηˆy−ηyηˆx)/l
2
B . (51)
The first displacement operator D (x0, y0) generates a dis-
placement to the position at the guiding center |r0| =√
x2
0
+ y2
0
. Since D (x0, y0) commutes with the Hamiltonian
H0, the guiding center is the constant of motion. There-
fore, the Hamiltonian H0 does not depend on quantum num-
ber M. On the other hand, the second displacement opera-
tor D
(
ηx, ηy
)
generates a displacement to the position
∣∣∣η∣∣∣ =
Fig. 4. Schematics of the classical orbits of LLs. The quantum number M
assigns the radius of the guiding center r0, whereas N is the radius of Larmor
orbit η.
√
η2x + η
2
y . Since D
(
ηx, ηy
)
does not commute with the Hamil-
tonian H0, the coherent state is not an eigenstate of the Hamil-
tonian.
Applying these displacement operators to the ground state
|0, 0〉 = |na = 0, nb = 0〉, we can thus construct the coherent
state,
|X0, Y0; ηx, ηy〉 = D
(
ηx, ηy
)
D (x0, y0) |0, 0〉
= e−(|α|
2
+|β|2)/2eαa
†
eβb
† |0, 0〉, (52)
where α and β are eigenvalues of the annihilation operators a
and b of the eigenstate |x0, y0; ηx, ηy〉. That is, these eigenstates
satisfy
a|x0, y0; ηx, ηy〉 =
ηx − iηy√
2lB
|x0, y0; ηx, ηy〉
=
∣∣∣η∣∣∣ e−iϕ
√
2lB
|x0, y0; ηx, ηy〉, (53)
b|x0, y0; ηx, ηx〉 = x0 + iy0√
2lB
|x0, y0; ηx, ηy〉
=
|r0| eiϕ√
2lB
|x0, y0; ηx, ηy〉, (54)
and the eigenvalues α and β are given by
α =
ηx − iηy√
2lB
=
∣∣∣η∣∣∣ e−iϕ
√
2lB
, (55)
β =
x0 + iy0√
2lB
=
|r0| eiϕ√
2lB
. (56)
To see the absence of bulk currents, we pay our attention
to one coherent state at the guiding center r0, which produces
the circular current by the Larmor motion with radius
∣∣∣η∣∣∣. Be-
cause of the uncertainty (39), it seems that the circular current
flows the edge of the area ∆S . When the LLs state can be con-
structed by the superposition of the coherent states, the super-
position produces contact points of the circular current at the
center r0 with the surrounding circular currents. Thus, the cir-
cular current at the center r0 is canceled by the surrounding
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circular current. Such the cancellation occurs on whole sys-
tem except to the edge, we can say the bulk currents are all
cancelled out, i.e.,
jbulk = 0. (57)
6. Magnetization Induced by Edge Current
Now, we naturally expect that the edge currents induce an
orbital magnetization, which can be observed experimentally.
The magnetic vector potential at the position r induced by the
magnetization at the guiding center M (r0) is given by
A (r) =
µ0
4π
∫
D
∇r0 × M (r0)
|r − r0|
dV0 +
µ0
4π
∫
∂D
M (r0) × nˆ
|r − r0|
dS 0,
(58)
where ∂D represents the edge of the 2D system D, and nˆ is a
normal vector with respect to the edge ∂D, dS 0 and dV0 indi-
cate that the integration is done with respect to a variable r0.
The first term can be regarded as the vector potential induced
by the bulk current, jbulk = ∇r0 × M (r0), whereas the second
term is due to the edge current at the system size R,
jedge = M (R) × nˆ. (59)
However, since the bulk currents cancel out by Eq. (57) as
mentioned in the previous section, only the edge current con-
tributes to the magnetization in Eq. (58).
In Eq. (59), since the normal vector with respect to the edge
of circular disk is given by nˆ = eˆρ, and the edge current flows
along the edge, jedge ∼ δ j+ℓ (ω, B) eˆϕ, the magnetization points
along the z-direction, M (R) ∼ Mℓ (ω, B) eˆz, where
Mℓ (ω, B) = δ j+ℓ (ω, B) . (60)
The magnetization in Eq. (60) can be regarded as a manifes-
tation of the magneto-electric effect, since it is induced by the
electric field of OV.
The magnetization obviously depends on the external mag-
netic field. Here, we imply that the frequency of the OV is
always kept in resonance with the transition from the LLL
to 2LL, so that when we apply the external magnetic field
B, the excitation energy from the LLL to 2LL is given by
~ωc = ~eB/me ∼ 1.14 × 10−4B[T]eV. To make the transitions
possible, the wavelength of OV must be controlled to sat-
isfy the energy conservation, h/λOVc = ~ωc. Then the wave-
length of OV and wavenumber should be λOV = 2πc/ωc ∼
1.07×10−2B−1[T−1]m and k = 2π/λOV ∼ 5.87×102B[T]m−1,
respectively. As a consequence, when the magnetic field in-
creases, the transverse wavenumber k⊥ should be increased to
hold the ratio, α = k⊥/kz, according to the following expres-
sion
k⊥r
ℓ,i
⊥ =
α√
1 + α2
λeBr
ℓ,i
⊥
Φ0
≃ 587αBrℓ,i⊥ , (61)
which leads to shrinking the dark ring radius of the OV, see
Eq. (17). We also assume that the chemical potential µ is be-
tween the LLL and the second LL.
Figure 5 demonstrates the magnetic field dependencies of
Fℓ (which are proportional to the orbital magnetization) for
ℓ = 0, 2. Here we introduced the characteristic magnetic field
strength, B∗ ≡ Φ0/αλeR, which corresponds to k⊥R ∼ 1, and
chose R = 10−2 m and α = 0.1. Because the radial profile of
OV has the oscillating behavior, the amplitudes of absorption
Fℓ oscillate with increasing the magnetic field strength, and
Fig. 5. Magnetic field dependence of Fℓ with R = 10−2 m and α = 0.1,
when the chemical potential is kept between the LLL and the second LL. The
solid line is for ℓ = 0 and the dotted line ℓ = 2. We scale the horizontal axis
by B∗ = Φ0/αλeR = 1.70 × 10−3/αR [T].
have vanishing points. As discussed in Ref. 32, when rℓ,i⊥ = R,
the roots of Bessel function, Jℓ(k⊥ [B]R) = 0, cause the van-
ishing points of absorption. Physically it means that when the
dark rings of OV coincide with the peak of electron distribu-
tion on the system edge, the orbital magnetization disappears.
It is significant that this disappearance is induced despite non-
zero total intensity, which is related to the fact that the pho-
tocurrent flows only along the edge. It is worth a mention that
the similar result is obtained by using the cylindrical vector
beams.42)
7. Concluding Remarks
We discussed Landau level spectroscopy of a two-
dimensional electron gas with modified selection rules illumi-
nated by the optical vortex beam which carries orbital angu-
lar momentum in the paraxial approximation. The absorption
of the vortex beam occurs for σ = 1 (positive helicity) and
ℓ = 0 or σ = −1 (negative helicity) and ℓ = 2. We recon-
structed the minimal-coupling Hamiltonian by expanding by
the vector spherical Harmonics and confirmed that the dipole
transitions are allowed when the optical beam carries the total
angular momentum J = 1, 0, or −1. This result is consistent
with calculation without multipolar expansion in our previous
Letter.32)
In the framework of Kubo’s linear response theory, we
found that the absorption of optical vortex induces the pho-
tocurrents, which flow only along the edge of the system. The
cancellation of the bulk currents was interpreted in terms of
the coherent state representation. Consequently, we demon-
strated how the orbital magnetization is induced by the edge
currents.
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Appendix A: Dipole Approximation in Minimal Cou-
pling
We present the derivation of Eq. (32). We need to compute
commutator
[
H0,A
OV
]
. After some calculations, we obtain
[H0,A
OV]=AOV
~
2k2
OV
2me
−
(
~kOV
me
)
·(−i~∇)+ e
me
Aext ·~kOV)
 ,
(A·1)
where kOV is the wavenumber vector of OV and kOV is its
magnitude.
Next, we evaluate the matrix element of the minimal cou-
pling term 〈n′,m′|AOV · j|n,m〉 with a current operator, j =
e
me
(
p + eAext
)
. Noting that this current operator satisfies p +
eAext = ime
~
[H0, r], by using the commutation relation (A·1),
we obtain
〈n′,m′|AOV · j|n,m〉 = e
me
〈n′,m′|AOV · ime
~
[H0, r]|n,m〉
=
ie
~
(En′,m′ − En,m)〈n′,m′|AOV · r|n,m〉
− ie
~
~
2k2
OV
2me
〈n′,m′|AOV · r|n,m〉
− ie
~
~e
me
〈n′,m′|(Aext · kOV)(AOV · r)|n,m〉
− e
~
~
2
2me
〈n′,m′|AOV · kOV|n,m〉
− e
~
~
2
2me
〈n′,m′|(AOV · r)kOV · grad |n,m〉.
(A·2)
The second term is 10−11 times smaller than the first term for
B = 10T and can be dropped. Furthermore, the OV travels
along z-axis and the wavenumber vector of the OV is approx-
imately described as, kOV ∼ kzeˆz, in the paraxial approxima-
tion. On the other hand, Aext, AOV, and, gradΨnm (ρ, ϕ, z) have
no z-component. The inner products with kOV in the third,
fourth, and fifth terms in Eq. (A·2) thus vanishes. As a conse-
quence, the first term only survives in the matrix element of
the minimal coupling,
〈n′,m′|AOV · j|n,m〉 ∼ ie
~
(En′,m′ − En,m)〈n′,m′|AOV · r|n,m〉.
(A·3)
which is Eq. (32).
Appendix B: Expansion of Current Operator using Vec-
tor Spherical Harmonics
In the main text, we used the orthogonal basis to represent
the current operator. We here demonstrate that the selection
rules derived in the text can be more directly understood by
using the vector spherical harmonics (VSH)43) as the basis for
the current operator.
First, we give the definition of the VSH as the followings,
Yℓm (θ, ϕ) = Yℓm (θ, ϕ) eˆr,
Ψℓm (θ, ϕ) = r∇Yℓm (θ, ϕ) , (B·1)
Φℓm (θ, ϕ) = r × ∇Yℓm (θ, ϕ) ,
with a spherical harmonics Yℓm (θ, ϕ). Then the current can be
expanded by VSH as
j (r) =
∞∑
ℓ=0
ℓ∑
m=−ℓ
[
j
(r)
ℓm
(r)Yℓm (θ, ϕ) + j
(1)
ℓm
(r)Ψℓm (θ, ϕ)
+ j
(2)
ℓm
(r)Φℓm (θ, ϕ)
]
, (B·2)
where we introduced the multipole coefficients j
(r)
ℓm
(r), j
(1)
ℓm
(r),
and j
(2)
ℓm
(r), and spherical coordinates taken as Fig. 2. Next,
the vector potential of OV can also be expressed in terms of
the spherical coordinates,
AOVℓ,σ (r) = ησ
√
k⊥
2π
∞∑
ℓ′=−∞
iℓ
′−σJℓ (k⊥r sin θ) Jℓ′ (kzr)eiℓϕeiℓ
′θ.
(B·3)
where the polarization vector is
ησ = −σsin θ√
2
eiσϕeˆr − σcos θ√
2
eiσϕeˆθ − i√
2
eiσϕeˆϕ for σ = ±1.
and we applied a plane wave expansion
eikzr cos θ =
∞∑
ℓ=−∞
iℓJℓ(kzr)e
iℓθ. (B·4)
We consider the interaction of the current with the OV as a
minimal coupling. The Hamiltonian is given by
Hint = −
∫
j (r) · AOVℓ,σ (r) d3r
= k
1/2
⊥
∞∑
ℓ′=−∞
∞∑
ℓ′′=0
ℓ′′∑
m′′=−ℓ′′
δm′′,−(ℓ+σ)iℓ
′−σ
×
√
2ℓ′′ + 1
4
(ℓ′′ − m′′)!
(ℓ′′ + m′′)!
×
∫
drdθ r2Jℓ′ (kzr)Jℓ (k⊥r sin θ) eiℓ
′θ
×
[
σ j
(r)
ℓ′′m′′ (r) sin
2 θPm
′′
ℓ′′ (cos θ)
+ σ j
(1)
ℓ′′m′′ (r) cos θ sin θ
∂Pm
′′
ℓ′′ (cos θ)
∂θ
− m′′ j(1)
ℓ′′m′′ (r) P
m′′
ℓ′′ (cos θ)
− iσm′′ j(2)
ℓ′′m′′ (r) cos θP
m′′
ℓ′′ (cos θ)
+ i j
(2)
ℓ′′m′′ (r) sin θ
∂Pm
′′
ℓ′′ (cos θ)
∂θ
 . (B·5)
We here note that the angular momentum conservation
δm′′ ,−(ℓ+σ) is provided by integral with respect to the azimuthal
angle ϕ.
Considering the dipole transitions, we focus on the dipole
moment of j (r), which corresponds ℓ′′ = 1. When the cur-
rent interacts with OV near the optical axis, we use the
limit k⊥r sin θ ≪ 1 and apply the formulae J−ℓ (k⊥r sin θ) =
(−1)ℓ Jℓ (k⊥r sin θ), and Jℓ (k⊥r sin θ) ∼ (k⊥r sin θ/2)ℓ /ℓ!. We
thus arrive at six types of allowed transitions as follows:
H
dip
int(ℓ=0,σ=1)
= −ik1/2⊥
√
6
3
∫
r2Q(0)
1,−1 (r) J0(kzr)dr
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− ik1/2⊥
∞∑
n=1
(−1)n 6
√
6
N2 (n)
∫
r2Q(n)
1,−1 (r) J2n(kzr)dr
− ik1/2⊥
∞∑
n=0
(−1)n 2
√
6
N1 (n)
∫
r2 j
(2)
1,−1 (r) J2n+1(kzr)dr,
(B·6)
H
dip
int(ℓ=2,σ=−1) = −ik5/2⊥
√
6
30
∫
r4P1,−1 (r) J0(kzr)dr
+ ik
5/2
⊥
∞∑
n=1
(−1)n 15
√
6
N4 (n)
∫
r4P1,−1 (r) J2n(kzr)dr,
(B·7)
H
dip
int(ℓ=−1,σ=1) = −k3/2⊥
∞∑
n=0
(−1)n 6
√
3
N3 (n)
∫
r3P1,0 (r) J2n+1(kzr)dr
+ k
3/2
⊥
√
3
3
∫
r3 j
(2)
1,0
(r) J0(kzr)dr
+ k
3/2
⊥
∞∑
n=1
(−1)n 6
√
3
N2 (n)
∫
r3 j
(2)
1,0
(r) J2n(kzr)dr,
(B·8)
H
dip
int(ℓ=1,σ=−1) = k
3/2
⊥
∞∑
n=0
(−1)n 6
√
3
N3 (n)
∫
r3P1,0 (r) J2n+1(kzr)dr
+ k
3/2
⊥
√
3
3
∫
r3 j
(2)
1,0
(r) J0(kzr)dr
+ k
3/2
⊥
∞∑
n=1
(−1)n 6
√
3
N2 (n)
∫
r3 j
(2)
1,0
(r) J2n(kzr)dr,
(B·9)
H
dip
int(ℓ=−2,σ=1) = ik
5/2
⊥
√
6
30
∫
r4P1,1 (r) J0(kzr)dr
− ik5/2⊥
∞∑
n=1
(−1)n 15
√
6
N4 (n)
∫
r4P1,1 (r) J2n(kzr)dr,
(B·10)
H
dip
int(ℓ=0,σ=−1) = ik
1/2
⊥
√
6
3
∫
r2Q(0)
11
(r) J0(kzr)dr
+ ik
1/2
⊥
∞∑
n=1
(−1)n 6
√
6
N2 (n)
∫
r2Q(n)
11
(r) J2n(kzr)dr
− ik1/2⊥
∞∑
n=0
(−1)n 2
√
6
N1 (n)
∫
r2 j
(2)
1,1
(r) J2n+1(kzr)dr,
(B·11)
where we denoted the combinations of the multipole coeffi-
cients as
Pℓm (r) = j(r)ℓm (r) − j(1)ℓm (r) ,
Q(n)
ℓm
(r) = j
(r)
ℓm
(r) − 2
3
(
2n2 − 3
)
j
(1)
ℓm
(r) , (B·12)
and
N1 (n) = (2n − 1) (2n + 3) ,
N2 (n) = (2n − 3) (2n − 1) (2n + 1) (2n + 3) ,
N3 (n) = (2n − 3) (2n − 1) (2n + 3) (2n + 5) ,
N4 (n) = (2n − 5) (2n − 3) (2n − 1) (2n + 1) (2n + 3) (2n + 5) .
(B·13)
We summarize the allowed absorptions as follows,
(J, ℓ, σ) =

(1, 0, 1)
(1, 2,−1)
(0,−1, 1)
(0, 1,−1)
(−1,−2, 1)
(−1, 0,−1)
. (B·14)
In other words, the absorptions are allowed in case of the op-
tical TAM, J = 1, 0, and −1. We note that the selection rule in
Eq. (B·14) includes our result in text, J = 1. We can say that
this result is consistent with that in text.
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